In this paper, we study n-variable mappings that are quartic in each variable. We show that the conditions defining such mappings can be unified in a single functional equation. Furthermore, we apply an alternative fixed point method to prove the Hyers-Ulam stability for the multiquartic functional equations in the normed spaces. We also prove that under some mild conditions, every approximately multiquartic mapping is a multiquartic mapping.
Introduction

A fundamental question in the theory of functional equations is as follows:
When
is it true that a function that approximately satisfies a functional equation is close to an exact solution of the equation?
If this is the case, then we say that the equation is stable. The stability problem for the group homomorphisms was introduced by Ulam [1] in 1940. The first partial answer to Ulam's question in the case of Cauchy's equation or additive equation A(x + y) = A(x)+A(y) in Banach spaces was given by Hyers [2] (stability involving a positive constant). Later the result of Hyers was significantly generalized by Aoki [3] , T.M. Rassias [4] (stability incorporated with sum of powers of norms), Găvruţa [5] (stability controlled by a general control function) and J.M. Rassias [6] (stability including mixed product-sum of powers of norms).
Let V be a commutative group, let W be a linear space, and let n ≥ 2 be an integer. Recall from [7] that a mapping f : V n − → W is called multiadditive if it is additive (i.e., it satisfies
Cauchy's functional equation) in each variable. Furthermore, f is said to be multiquadratic if it is quadratic (i.e., it satisfies quadratic the functional equation Q(x + y) + Q(x -y) = 2Q(x) + 2Q(y)) in each variable [8] . Zhao et al. [9] , showed that the system of functional equations defining a multiquadratic mapping can be unified in a single equation. Indeed, they proved that the mentioned mapping f is multiquadratic if and only if the following relation holds:
where x j = (x 1j , x 2j , . . . , x nj ) ∈ V n and j ∈ {1, 2}. Ciepliński [7, 8] studied the Hyers-Ulam stability of multiadditive and multiquadratic mappings in Banach spaces (see also [9] ). For more remarks on the Hyers-Ulam stability of some systems of functional equations, we refer to [10] . A mapping f : V n − → W is called multicubic if it is cubic (i.e., it satisfies the cubic func-
) in each variable [11] ). In [12] , the first author and Shojaee studied the Hyers-Ulam stability for multicubic mappings on normed spaces and also proved that a multicubic functional equation can be hyperstable, that is, every approximately multicubic mapping is multicubic. For other forms of cubic functional equations and their stabilities, we refer to [13] [14] [15] [16] [17] [18] . The quartic functional equation
was introduced for the first time by Rassias [19] . It is easy to see that the function Q(x) = ax 4 satisfies (1.2). Thus, every solution of the quartic functional equation (1.2) is said to be a quartic function. The functional equation (1.2) was generalized by the first author and Kang in [20] and [21] , respectively. Motivated by definitions of multiadditive, multiqudratic, and multicubic mappings, we define multiquartic mappings and provide their characterization. In fact, we prove that every multiquartic mapping can be characterized by a single functional equation and vice versa. In addition, we investigate the Hyers-Ulam stability for multiquartic functional equations by applying the fixed point method, which was used for the first time by Baker in [22] . For more applications of this approach to the stability of multiadditive-quadratic mappings and multi-Cauchy-Jensen mappings in non-Archimedean spaces and Banach spaces, see [23] [24] [25] .
Characterization of multiquartic mappings
Throughout this paper, N stands for the set of all positive integers,
we write lx := (lx 1 , . . . , lx m ) and tx := (t 1 x 1 , . . . , t m x m ), where ra stands, as usual, for the rth power of an element a of the commutative group V . Let n ∈ N with n ≥ 2, and let
We denote x n i by x i when there is no risk of ambiguity. For
}}, where j ∈ {1, . . . , n} and i ∈ {1, 2}. Consider the following subset of N :
For r ∈ R, we put rN n (p 1 ,p 2 ) = {rN n : N n ∈ N n (p 1 ,p 2 ) }. In this section, we assume that V and W are vector spaces over the rationals. We say a mapping f : V n − → W is n-multiquartic or multiquartic if f is quartic in each variable (see equation (1.2)). For such mappings, we use the following notations:
For all x 1 , x 2 ∈ V n , we consider the equation
By a mathematical computation we can check that the mapping f : R n − → R defined as
2). Thus this equation is said to be the multiquartic functional equation.
We denote 
It is easily verified that
for 0 ≤ k ≤ n -1. Using (2.4) for k = 0, we compute the right-hand side of (2.3) as follows: 
Hence f ( k x) = 0. This shows that f (x) = 0 for any x ∈ V n with at least one component equal to zero.
We now prove the main result of this section.
Theorem 2.2 A mapping f : V n − → W is multiquartic if and only if it satisfies the functional equation (2.2).
Proof Let f be multiquartic. We prove that f satisfies the functional equation (2.2) by induction on n. For n = 1, it is trivial that f satisfies the functional equation ( n-p 2
This means that (2.2) holds for n + 1. Conversely, suppose that f satisfies the functional equation (2.2). Fix j ∈ {1, . . . , n}. Set
and f * (x 2j ) : = f (x 11 , . . . , x 1j-1 , x 2j , x 1j+1 , . . . , x 1n ).
Putting x 2k = 0 for all k ∈ {1, . . . , n}\{j} in (2.2) and using Lemma 2.1, we get
Note that we have used the fact that
computations. So this relation implies that f is quartic in the jth variable. Since j is arbitrary, we obtain the desired result.
Stability results for the functional equation (2.2)
For two sets X and Y , we denote by Y X the set of all mappings from X to Y , In this section, we wish to prove the Hyers-Ulam stability of the functional equation (2.2) in normed spaces. The proof is based on a fixed point result that can be derived from [26, Theorem 1] .
To state it, we introduce three hypotheses: (A1) Y is a Banach space, S is a nonempty set, j ∈ N, g 1 , . . . , g j : S − → S, and
Here we highlight the following theorem. which is a fundamental result in fixed point theory [26, Theorem 1] . This result plays a key tool to obtain our objective in this paper. 
Then there exists a unique fixed point ψ of T such that
For a given the mapping f : V n − → W , we define the difference operator Γ f :
for all
Definition 3.2 Let V be a vector space, let W be a normed space, and let ϕ : V n × V n − → R + be a function. We call that a mapping f :
In addition, the mapping f : V n − → W is called even in the jth variable if f (z 1 , . . . , z j-1 , -z j , z j+1 , . . . , z n ) = f (z 1 , . . . , z j-1 , z j , z j+1 , . . . , z n ), z 1 , . . . , z n ∈ V .
We say that a mapping f : V n − → W satisfies the approximately ϕ-even-zero conditions if (i) f is approximately ϕ-multiquartic; (ii) f is even in each variable; (iii) f (x) = 0 for any x ∈ V n with at least one component equal to 0. 
